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(I’rel  Ij'ilii  iry  Roport) 

R.  J.  l.iriON,^  L.  SNYni.R,*  and  Y.  ZM.CSTEIN^^ 


1.  INTKOKX  l lON 

In  this  papi  r wc  bi-;4iii  a sttidy  of  the  iromplcxlty  of  the  word  and  Ismorphlsm  problems  for 
finite  y.roiip.t.  Thi-re  arc  sicvc'ral  specific  rcasuns  for  studying  these  questions: 

(5)  bi-ih  woril  .iiul  isiiiorphi Mi!i  prohK-ns  have  practical  interest.  Sucli  diverse  areas  as  chemistry 
and  the  tlicory  4il  sinplir  i-.riuips  require  the  solution  of  these  problems. 

(2)  Since  word  prohKr.s  ate  closely  related  to  questions  of  language  recognition,  insight  Into 
them  should  aUl  in  understanding  recognition  problems. 
t3)  lsi.>i.iorphisiii  proliieics  for  i’.r..u,i«  are  iuteresting  in  that  tlicy  are  related  to  the  well  known 
question  of  gr.ipli  isoriorpliism  (5). 

Tims,  there  i;i  Mill'i.ieiiC  innt  i v.il  I on  tor  studying  llie  complexity  of  finite  groups.  The  rest  of  this 
p.'tp'.’r  4.>nt.iie:t  .in  »4.illine  44|  our  main  results. 

Uiir  model  «>f  C44n4pui.1t  iisi  l.s  the  well  known  model  of  multitape  deterministic  Turing  machines 
111.  I.V  will  he  Interested  in  hoih  the  time  and  the  sp.icc  requirements  of  our  algorithms. 

A i.4r.4r>ciil  idnnil  4)iir  choice  of  inf4il..- 1 Is  in  order.  Indeed  a i-4-asonrihl  e question  appears  to  be; 
why  n44|  tfse  a t.'ind44m  .n  4'ess  coi:i;>4iter  r.il  her  ih.in  luring  m.ichlnes?  The  main  reason  is  that  all  the 
W4ifd  pr. fillet  s con.iflf'i  e I h.  i e ff'nlfl  then  he  ihine  In  linear  time  (on  .4  random  access  compfiter). 
Ihrwever  (Ifi-.  Is  .1  i.iisU  f«I  ifig  resfflt.  I fir  very  lar,'.e  groups  --  tlie  kind  currently  being  handled  in  a 
niKilu-r  *>1  applie.it  Ions  — it  is  misleading  to  .illow  random  access  to  the  very  large  group  mulclpll- 
ral  i<iii  i.ihle-..  Oil  I Ilf-  Ollier  li.ind.  Tin  in,;  machines  ch.irge  a proper  amount  for  each  randis*  access. 
Coiis,  f|iieni  Iv,  onr  result  provide  a mare  ai'cnrate  acroniiting  of  costs. 


7.  WOkH  RK'lBl.KMS 


l.el  us  Ktiuslfl,  r tin;  more  geiier.il  problem  of  evaluation  of  words  in  some  groupold  [4|.  Mare 
as.sri  ly  fce  iissii.is'  lli.fl  w»-  .ir«-  glviui  .in  input  l.ipe  in  the  form 


k,...R 
1 n 


W|...W^ 


miH-re  K 


t»|Mesents  I he  n*n  miil  t iplic.it  ion  table  for  the  groupolds  binary  opcratt<»n  O and 
*^l'"*'k  ‘■*‘''^’*■"1’*  ftiiin  the  groupold  to  be  mviltiplicd  from  left  to  right.  Note  each  clement 

•f  the  f,»4»’*i»«»i J uses  log  n spai'e;  llic  entire  input  tape  takes 

2 

T " n log  n + k log  n 

ap.ire.  We  wish  10  study  tlie  time  required  to  compute*  W,0.  . ,OW, 

■t 


. r- 


The  ev.i  lii.il  iiiu  of 


1 

WjO, . can  bo  done  in 


k* 


Our  m.iin  result  Is; 


(I)  lU'l' ) in  all  .iriiii.iry  groiipolil; 


(71  11(1  lo)'.*'T)  In  .111  arhltr.iry  semie.iiiupj 
(1)  t*(  I li*.;  i ) In  .111  .irb  1 1 1 .ivy  abeli.ni  gioup. 

t'vsenl  iat  t V liit.s  theiiieri  flemonsl  r.iles  Imw  alp.ebralc  titnuturo  can  be  used  lo  decrease  the  coaqilexlty 
m(  Hie  prol<l<.n.  In  order  to  sv.iluate  W|0...oWj^  the  multiplication  table  must  be  repeatedly 

i*r I- * Itrii  i t tie  ,il>.>ve  I ill  .irem  dc-ru'nsl  t .lies  ih.il  We  tan  organize  our  .iccosses  to  this  table  In  a 

im>fe  ellleli'ivt  in.iniier  ,is  more  slriii-turc  l.s  pl.icod  on  llic  t.lblo.  In  thi.s  regard  note  th.it  Off  ) («r 
an  nthilr.fty  gfoupelil  ctirresponds  to  k scans  41c|4's.h  the  tiible,  l.e.  no  .iccesses  arc  avoided. 


We  now  will  ski'li'h  tile  proofs  of  (7)  and  (3)  in  some  detail. 

We  kill  nw  i.hi'w  lio:/  to  g.  t 0(T  log'T)  In  an  .irliltrary  semigroup. 


The  presence  of  the 

Suptvort«<d  tm  ^rt 
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assocl.iCi'«  Inu  allows  us  to  perform  many  products  In  "parallel",  i.e.  we  can  avoid  costly  repeated 
scans  of  the  n«n  multiplication  table.  The  algorithm  procedes  as  follows:  (we  assume  chat  k is  a 
power  of  2 with  at  most  a cost  of  2) 

(a)  Form  the  pairs  (W^  ,W2)  . . . ,W|^)  . 

(b)  Sort  Che  pairs  into  (x 

and 

(c)  In  one  scan  through  the  n»n  Cable  peiform  all  these  k/2  products  to  form 

(d)  Now  "unsort"  ^\i/2  obtain  W^OW^. . .Wj^_jOW|^.  We  can  do  this  just  by  keeping  a 

tag  along  with  the  pairs  (W^  .W^) . . . and  using  a stable  sort  [3J. 

(e)  If  k/2>l,  then  recursively  call  (a);  otherwise  halt.  { 

The  time  for  this  algorithm  is: 


j^.x^). . . (Xj^_j,X|^)  such  that  procedes  ^l^^l 


(a)  and  (b)  can  be  done  in  0(k  log  k log  n) 

(c>  Is  0(n^  log  n) 

(d)  is  0(k  log  k log  n) 

(e)  we  recursively  call  log  k times. 

2 2 
Thus  Che  algorithm  runs  in  at  most  k log  k log  n time;  it  is  therefore  bounded  by  0(T  log  T). 

We  next  will  show  how  to  get  0(T  log  T)  for  an  arbitrary  abelian  group.  The  algorithm 
depends  on  some  nontrivial  but  elementary  group  theory,  and  is  considerably  more  involved  than  the 
semigroup  case  so  only  a sketch  of  the  construction  is  presented.  Part  (a)  forms  the  generators 
using  Lagrange's  theorem  to  bound  the  iterations.  In  (b)  the  group  elements  are  represented  using 
the  generators  and  (c)  computes  the  product. 


a.  First  we  construct  Che  group  generators  x.  ,...,x.  from  Che  R,...R  table.  We  use  Lagrange's 

‘1  in 

theorem  to  guarenCee  that  m £ log  n.  The  procedure  will  be  iterated  and  at  stage  j,  will  be  a 

table  containing  those  elements  not  yet  Included  in  generated,  (initially,  contains  all  group 
elements  in  group  order.) 


Stage  j: 

(I)  Select  X,  the  first  non-identity  element  of  M 


j' 

, .Rj  table  and  call  it  Rj . 


(il)  Find  the  Xj  row  in  the  Rj^. 

(Hi)  Construct  the  Jth  coset  table.  The  structure  of  this  table  is  as  follows. 


The  first  entries  are  l,Xj,Xj, 


,Xj  ^ which  may  be  easily  computed  using  only  the  row  Rj . 


Each  of  these  is  marked  In  M. 


The  next  unmarked  element,  y of  M.  is  the  coset  leader  in  the  next 
-j  r-1 

,yx  which  can  be  computed  wholly  in  R ^ . These  elements  are  also 


sequence  of  entries  y.yx.yx^ 
marked. 

coset  leaders  of  this  stage  and  the  proe'edure  continues  to  stage  J+1  with  M 
result  of  all  stages  is  shown  in  figure  1. 


This  continues  until  all  elements  of  Mj  are  marked. 


The  table  is  formed  from  the 


j+1 


in  group  order.  The 


1 Xj  *1  • 

..  Xi  yj 

^1*1 

yjXj 

2 

...  y^x 

1 

^2 

yjxi 

^2*1 

2 

...  yjx 

, 2 

s 

Vi 

y X, 

■'u  1 

2 

...  y„x 

1 >1  Fl  . 

..  yj  Wj 

wjyi 

2 

...  Wjy; 

“2 

“2^1 

”2^1 

2 

...  "2^ 

w 

V 

Vi 

w y, 

v-'l 

...  w^y; 

stage  1 


stage  2 


^ *1  *1 


} stage  m 


Figure  1.  Data  structure  produced  by  stage  a(lll). 
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b.  Tn  this  step  wc  construct  t)ie  generator  representation  for  the  group  elements.  The  data 
structure  of  Figure  1 is  somewhat  over  simplified  in  that  we  need  to  save  more  information  than 

simply  the  yx'  entries.  We  suppose  that  the  actual  entry  is  a triple  <yx^,y,t>  called  a descriptor 
with  the  fii.M  field  called  the  element  field  and  the  second  field  called  the  leader  field.  We  keep 
an  auxiliary  tape  to  contain  the  generator  representation.  Clearly  n records  of  log  n fields  each 
of  at  most  log  n bits  are  required  to  hold  the  exponents  for  each  generator  of  each  group  element. 

Iteration  J_:  The  stage  2 portion  of  figure  1 is  sorted  into  group  order  by  the  element  field  of 
their  descrlptior.  This  results  in  the  representation  of  the  coset  leaders  of  stage  1 being  ordered 
in  the  order  that  the  coset  leaders  are  given  in  stage  1.  The  elements  of  stage  1 are  now 
transferred  to  the  auxiliary  tape  with  the  coset  le.idtrs  of  each  entry  replaced  by  their  stage  2 
representation.  This  can  be  done  in  one  scan  of  stage  1 by  sequencing  through  the  stage  1 and 
sorted  stage  2 tables  in  unison.  The  result  is  Chat  all  group  elements  are  given  in  terms  of  2 
generators.  To  complete  this  stage  the  auxiliary  tape  is  resorted  into  group  order  on  the  leader 
field  of  the  description. 

Iteration  i:  The  f+1  entries  of  Figure  1 arc  sorted  into  group  order  by  the  element  field  of  the 
descriptor.  Ilic-  represi. ni.il  ion  i>f  the  coset  leaders  of  each  entry  on  the  auxiliary  tape  are 
changed  111  .1  single  sc.m  to  reflect  their  representation  given  by  stage  £+1.  The  auxiliary  tape  is 
resorted  on  (he  leader  Held  of  the  descriptor. 

c.  The  result  of  p.irc  h yields  the  genor.itor  representation  of  the  group  elements.  In  this  part  we 
produce  the  product.  First  we  reduce  W^...Wj^  to  a product  of  group  elements  raised  to  powers,  l.e. 

1 2 n 

X,  x-  ...  X 
1 2 n 

Now  we  use  th  - generator  representation  of  the  x^'s  to  produce  the  product.  An  m field  workspace  is 
used  with  the  field  containing  the  present  power  of  the  ith  generator.  In  a sequential  scan  of 
the  anxiliary  tape  the  representation  of  x^  Is  found,  its  generator  exponents  multiplied  by  and 

Che  results  added  to  Che  workspace.  The  size  of  each  workspace  position  is  bounded  by  the  order  of 
the  element.  Finally,  one  last  scan  through  the  auxiliary  tape  will  locate  the  desired  result. 

For  timing  wo  recall  that  the  number  of  generators  is  m s log  n.  The  dominant  term  In  the 
computation  is  a sort  roqulred  in  (c)  to  collect  the  W^...Uj^  into  powers  which  counts  k log  k log  n. 

3.  ISOMOKFIIISM  I'ROKl.FMS 

Second,  we  will  consider  the  lsomorpl\ism  of  finite  groups.  Our  first  result  is 

77ie,;r.- n:  The  Isomvirptiism  problem  for  groups  can  be  solved  in  poly logspace , l.e.  it  can  be  solved  in 

c log^  T (c  is  a constant)  space  whore  T is  the  length  of  the  input  tape  that  encodes  the  multipli- 
cation tables  of  tlie  Cwi>  groups. 

This  re.-iiiit  (.ilso  otiserved  independently  by  Cary  Miller  and  M.  0.  Rabin)  shows  that  if  this 
Isomorpliism  problem  w.is  Nl’-comp lete  (2],  then  all  of  NV  would  be  in  polyspace.  This  is  therefore 
one  piece  of  evidi'iieo  tli.it  it  may  not  be  Nl'-eompicto. 

Our  second  result  Is 

Thcor< The  isomorplilsm  tor  finite  .nboHan  groups  can  be  solved  in  polynomial  time. 

Mils  result  relies  lu’aviiy,  of  course,  on  clie  fundamental  theorem  of  abelian  groups  [4). 

Hefore  Ki.iting  our  final  result  we  need  one  definition.  Let  be  Che  class  of  all  groups 

that  can  he  generated  by  sec.s  with  cardinality  at  most  k.  For  an  interesting  class  of  groups  in 
we  note  tli.it  .i  deep  Con  jee t lire  of  group  theory  states  tliat  all  simple  groups  are  in  G^. 

Thi  cifi  ri:  The  J uoniorpli i sni  problem  for  groups  in  G^^  (k  fixed)  is  in  nondeterminlstic  and  hence 

polynomial  time.  Moreover,  it  Is  in  deterministic  logspace  provided  deterministic  logspace  equals- 
nonJctermlnlst ir  lugspace. 
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